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derived to determine the dynamic intensity factors of an interface crack in general anisotropic piezoelec-
tric bi-materials. It is very feasible for numerical methods, especially for boundary element method
(BEM) which can directly present the unknown boundary values. Using the explicit extrapolation for-
mula, the transient response of interfacial cracks in piezoelectric bi-materials under electro-mechanical
impacts is studied by time-domain BEM together with a sub-domain technique. The present time-domain
BEM uses a quadrature formula for the temporal discretization to approximate the convolution integrals
and a collocation method for the spatial discretization. Quadratic quarter-point elements are imple-
mented at the tips of the interface cracks. General cases for the poling axis of each piezoelectric compo-
nent unparallel to the Cartesian coordinate axes are studied. Numerical examples are presented and
discussed the effects of the poling direction, material combination and the load combination on dynamic
intensity factors.
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The intrinsic electro-mechanical coupling behavior makes pie-
zoelectric materials widely used as transducers, sensors and actu-
ators in smart structures. Actuators are usually layered with
substrates or embedded in polymer matrices. The interface deb-
onding greatly degrades their electrical performance. Many static
and cyclic failure behaviors in multilayer actuators are observed
by Winzer et al. (1989). To insure the structural integrity of elec-
tromechanical devices, understanding of the fracture behavior is
very important.
Piezoelectric materials behave inherent mechanical and electri-
cal anisotropy as dielectric medium because of the asymmetry of
the crystalline structures. Their practical applications are always
after a so-called polarization process. Lekhnitskii (1963) and Stroh
(1958) developed a general method to analyze anisotropic materi-
als on the basis of stress-function and displacements, respectively.
Following these, the methods to treat piezoelectric materials are
developed. Deeg (1980) and Pak (1992) analyzed piezoelectric
cracks by generalizing a distributed dislocations method. Sosa
(1992) obtained a general solution of a transversely isotropic pie-
zoelectric problem. Suo et al. (1992) derived a general solution toll rights reserved.the problem of the interface cracks in a piezoelectric bi-material.
Kuo and Barnett (1991) carried out an asymptotic crack tip analy-
sis, and found a new type of singularity for an interface crack.
Most existing analyses of the interfacial crack in piezoelectric
bodies are quasi-static. In recent 10 years, researchers began refer-
ring to dynamic cases. Wang et al. (2000) and Wang and Noda
(2001) analyzed the fracture behavior of a cracked piezoelectric
laminate subjected to electromechanical anti-plane shearing loads
and in-plane impact loads in sequence. Gu et al. (2002a,b) studied
a sub-interface crack and an insulating interface crack problem in
piezoelectric layers under electromechanical impacts. Meguid and
Zhao (2002) considered the transient problem of the interface
crack between the bonded piezoelectric and elastic half-spaces.
Ueda (2002) concerned with the dynamic problem of a piezoelec-
tric layered plate with a central crack oriented normally to the
interfaces under normal impact loading.
Numerical methods are inevitable to analyze arbitrary crack
and structure conﬁgurations, e.g. the ﬁnite element method (End-
erlein et al., 2005), or the boundary element method (BEM), see
Wang and Zhang (2005). The BEM is very feasible for dynamic
crack analysis. Denda et al. (2004) presented a 2D frequency-do-
main BEM based on the time-harmonic dynamic fundamental
solution for eigenvalue analysis, followed by García-Sánchez
et al. (2008), Gross et al. (2007), Sáez et al. (2006), Wünsche
et al. (2010,2011) for dynamic fracture analysis in homogeneous
piezoelectric materials. More recently Lei and Zhang (2012), Lei
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and interfacial cracks in layered piezoelectric materials. Analogy to
García-Sánchez’s work, the convolution quadrature formula of
Lubich (1988a,b) was adopted for the temporal discretization,
which just requires the Laplace-domain fundamental solutions,
while a collocation method for the spatial discretization. An essen-
tial advantage of this method is its extremely stable and the spatial
and temporal discretizations are rather independent.
In this paper, this time-domain BEM is further applied to ana-
lyze the transient response of interfacial cracks in general aniso-
tropic piezoelectric bi-materials. The displacement boundary
integral equations (BIEs) are applied to each sub-domain. The dy-
namic intensity factors (DIFs) are of importance to describe the
crack-tip ﬁelds. Suo et al. (1992) provided a relation between the
extended crack opening displacements (ECODs) and the DIFs of
the interfacial cracks for general plane problems. Here ECODs in-
clude crack opening displacements and electric potential jump.
DIFs include dynamic stress intensity factors and dynamic electri-
cal displacement intensity factor. But its application is not direct
because of the computation of the eigenvectors and eigenvalues
of a complex matrix and the decoupled method of general plane
problems. Nishioka et al. (2003) provided an explicit extrapolating
formula for a typical state of the interfacial crack plane perpendic-
ular to the poling direction of both transversely isotropic piezo-
electric (TIP) materials. But in practice, the poling axes of TIP
materials are not always parallel to the Cartesian coordinate axes.
In this paper, we decoupled the general plane problem into in-
plane problem and anti-plane problem. Then we derived a univer-
sal matrix-form displacement extrapolation formula and its expli-
cit form for in-plane problems, which is very feasible to determine
the intensity factors for numerical methods such as FEM and BEM.
Using this explicit extrapolation formula, general cases for the pol-
ing axes of both piezoelectric materials unparallel to the Cartesian
coordinate axes are studied. Numerical examples are presented to
verify the present time-domain BEM program and the extrapola-
tion formula. The effects of the load combination, material combi-
nation and the poling direction on dynamic intensity factors are
further considered.
2. Problem statement
2.1. Basic piezoelectric equations
Let r, u and D be the stress tensor, elasticity and electric dis-
placement vector, respectively. Taking account of the inertial ef-
fect, the linear and momentum equilibrium equations and the
electrical balance equation, in the absence of body forces and elec-
trical charges take the form:
r  r q€u ¼ 0; r  D ¼ 0; ð1Þ
where q is the mass density; the superscript dots denote temporal
derivatives.
The mechanical strain tensor e and the electric ﬁeld vector E, as
the gradient of the displacement u and electrical potential /, can
be expressed as
e ¼ 1
2
ðruþ urÞ; E ¼ r/: ð2Þ
If the strains and electric ﬁeld are chosen as independent variables,
the constitutive equations take the following form:
r ¼ Ce eTE; D ¼ eeþ jE: ð3Þ
Here C, e and j are the fourth-order elastic tensor, the third-order
piezoelectric tensor and the second-order dielectric tensor, respec-
tively. The following reciprocal symmetries hold:Cijkl ¼ Clkji; ekij ¼ ekji; jij ¼ jji: ð4Þ
For stable materials, both C and j are positive deﬁnite.
Given a piezoelectric bi-material sample, the mechanical and
electric boundary conditions are given as follows:
n  r ¼ t0 on Ct ; u ¼ u0 on Cu; n  D ¼ x0 on Cx;
/ ¼ /0 on C/; ð5Þ
where n denotes the unit outward normal vector, t the traction vec-
tor,x the surface charge, and the subscript 0 on a variable indicates
a prescribed value. Noted that Ct + Cu = Cx + C/ = oX, where X de-
notes the piezoelectric domain.
Across the perfect bonded interface, the displacements, electric
potential, traction and electric induction are continuous
uþ ¼ u; /þ ¼ /; tþ ¼ t; xþ ¼ x; ð6Þ
where the superscript + and  stand for the upper and lower sur-
faces, respectively.
On the interfacial crack-faces, the traction free and the imper-
meable electrical crack-face condition proposed by Deeg (1980)
and Pak (1992) are adopted as
tþ ¼ t ¼ 0; Dþ ¼ D ¼ 0; ð7Þ
which denotes in a physical sense that both crack-faces are free of
electrical displacements.
The cracked solid X satisﬁes the zero-initial conditions at t = 0
uðx; t ¼ 0Þ ¼ _uðx; t ¼ 0Þ ¼ 0
/ðx; t ¼ 0Þ ¼ _/ðx; t ¼ 0Þ ¼ 0

: ð8Þ2.2. General solution for general plane problems
Consider a homogeneous piezoelectric material I bonded with
material II on 2-D problems in x1–x2 plane, i.e. all physical quanti-
ties are functions of x1 and x2 only. Substituted Eq. (3) into (1), one
obtains
ðCijrsur þ esjiÞ;si ¼ q€uj; ðjis/þ eirsurÞ;si ¼ 0: ð9Þ
It should be noted that the inertial item q€uj in Eq.(9) has no effect
on the crack-tip asymptotic ﬁelds. In other words, the crack-tip
ﬁelds in the vicinity of a dynamic resting crack are the same as that
of the quasi-static crack. So the quasi-static case is considered to
achieve the explicit relationship between the ECODs and DIFs. The
ECODs are dependent of time t which can be determined at each
time-step by a time-domain BEM. The general solution to Eq. (9)
without the inertial item can be obtained by introducing an arbi-
trary function of a linear combination of x1 and x2
U ¼ fu;/g ¼ af ðx1 þ lx2Þ: ð10Þ
The number l and the column a are determined by substituting
(10) into (9), which gives
Q þ lðR þ RTÞ þ l2W
h i
a ¼ 0; ð11Þ
where
Q ¼ Q 0 e11
eT11 j11
 
; R ¼ R0 e21
eT12 j12
 
; W ¼ W0 e22
eT22 j22;
 
ð12Þ
with (Q0)ik = Ci1k1, (R0)ik = Ci1k2, (W0)ik = Ci2k2, and eab = {ea1b, ea2b,
ea3b}T, (i, k = 1, 2, 3; a, b = 1, 2). Matrices Q and W are symmetric
and positive deﬁnite due to the positive strain energy. It can be
proved that Eq. (11) admits no real root and its eight roots from four
conjugate pairs. Let la (a = 1, 2, 3, 4) be the roots with positive
imaginary part. aa are the associated columns, and za = x1 + lax2.
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from a linear combination of four arbitrary functions (Stroh, 1958;
Suo et al., 1992):
U ¼ Af ðzÞ þ Af ðzÞ; ð13Þ
U ¼ Bf ðzÞ þ Bf ðzÞ; ð14Þ
in which f(za) = [f1(z1), f2(z2), f3(z3), f4(z4)]T, the overbar indicates the
complex conjunction, A and B are the 4  4 non-singular matrices
A ¼ ½a1;a2;a3;a4; B ¼ ½b1;b2;b3;b4; ð15Þ
they are related by
b ¼ RT þ lW
 
a ¼ 1l ðQ þ lRÞa: ð16Þ
U is the stress function
ri1 ¼ Ui;2; ri2 ¼ Ui;1; D1 ¼ U4;2; D2 ¼ U4;1;
ði ¼ 1;2;3Þ; ð17Þ
deﬁne
Y ¼ iAB1; ð18Þ
in which i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
. It is a Hermitian matrix. A bi-material matrix is
deﬁned as
H ¼ YI þ YII; ð19Þ
which is also a Hermitian matrix. Hereafter the subscripts I and II
attached with matrices and vectors distinguish the two materials.
2.3. Crack-tip ﬁelds for general plane problems
Considering a semi-inﬁnite interfacial crack lies on the interface
x2 = 0 between two half spaces, material I above, and II below. The
crack tip coincides with the origin x1 = 0; the bonded interface is on
x1 > 0. The continuity of displacement across the bonded interface
requires that a function deﬁned as
hðzÞ ¼ BIf
0
IðzÞ; x2 > 0
H1 HBIIf 0IIðzÞ; x2 < 0;
(
ð20Þ
be analytic in the whole plane except on the crack lines. For trac-
tion-charge free condition gives the following homogeneous Hilbert
problem
hþðxÞ þ H1Hh1ðxÞ ¼ 0: ð21Þ
Suo et al. (1992) presented the following solution
hðzÞ ¼ wz1=2þie; ð22Þ
where e is the singularity parameter, w is the eigenvector of the fol-
lowing eigenvalue problem
Hw ¼ e2peHw: ð23Þ
Letting H = V + iF and E = V1F, where V is real and symmetric, F is
real and antisymmetric, then Eq. (22) becomes
ðEþ ibIÞw ¼ 0; ð24Þ
and its characteristic equation can be written in the form
det½Eþ ibI ¼ b4 þ 2bb2 þ c ¼ 0; ð25Þ
where
b ¼  tanhðpeÞ; b ¼ 1
4
tr½E2; c ¼ det½E; ð26Þ
in which tr[ ] and det[ ] stand for the trace and the determinant of a
matrix. Observe that jFjP 0, a property of any antisymmeric matrixof even order, and |V| < 0, so c 6 0. Then the roots of Eq. (25) can be
expressed as
b1;2 ¼ x1; b3;4 ¼ ix2; ð27Þ
where x1 ¼ ½ðb2  cÞ
1
2  b12, x2 ¼ ½ðb2  cÞ
1
2 þ b12, then
e ¼ 1
p
tanh1x1; j ¼ 1p tan
1x2: ð28Þ
Substituted (28) into (23), one can obtain the corresponding eigen-
vectors. The four eigenpairs have the structure
ðe;w1Þ; ðe; w1Þ; ðij;w3Þ; ðij;w4Þ: ð29Þ
The general solution is then a linear combination of the four
solutions
hðzÞ ¼ e
peKziew1 þ epe Kzie w1
2
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pz
p
coshpe
þ K3z
jw3 þ K4zjw4
2
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pz
p
cospj
; ð30Þ
where K = K1 + iK2 is complex intensity factors and K3 and K4 are
real.
The crack opening displacements and electric potential jump d
at distance r behind the crack tip can be obtained from Eq. (30)
and expressed as
d ¼ ðHþ HÞ
ﬃﬃﬃﬃﬃﬃ
r
2p
r
Kriew
ð1þ 2ieÞ coshpeþ
Krie w
ð1 2ieÞ coshpe

þ K3r
jw3
ð1þ 2jÞ cospjþ
K4rjw4
ð1 2jÞ cospj

: ð31Þ2.4. A matrix-form extrapolation formula for in-plane problems
For the sake of clarity, the following contraction index notation
will be used for the elastic stiffness and piezoelectric tensors
Cijkl ! Cpq; ekij ! ekq; ð32Þ
where
p ¼ i if i ¼ j
9 ðiþ jÞ if i–j

; q ¼ k ifk ¼ l
9 ðkþ lÞ ifk–l:

ð33Þ
Based on the anisotropic theory (Ting, 1996) and the decoupled
method proposed by Chue and Chen (2002), a generalized plane
strain deformation can be uncoupled into anti-plane deformations
and in-plane deformations separately, if the material is symmetric
with respect to the x3 = 0 plane, for example, monoclinic materials,
which means among the contracted material constants Cpq, ekq and
jij
C14 ¼ C15 ¼ C24 ¼ C25 ¼ C34 ¼ C35 ¼ C46 ¼ C56 ¼ 0
e14 ¼ e15 ¼ e24 ¼ e25 ¼ e31 ¼ e32 ¼ e33 ¼ e36 ¼ 0
j13 ¼ j23 ¼ 0
8><
>>: : ð34Þ
It is fortunate that most commercial piezoelectric materials such as
PZT-4, PZT-5H, PZT-6B, PZT-7A, P-7 and PZT-PIC151 are trans-
versely isotropic piezoelectric (TIP) materials. Then let us consider
in-plane deformation and in-plane electric potential for piecewise
homogeneous piezoelectric bi-material systems, the anti-plane u3
decouples from u1, u2 and /.
With u3 ignored, the bi-material matrix H is a 3  3 Hermitian
matrix. The characteristic equation in Eq. (25) can be rewritten as
det½Eþ ibI ¼ b3 þ 2bbþ c ¼ 0: ð35Þ
It should be pointed out that c  0 because of det[F] = 0
(c = det[E] = det[V1F]), a property of any antisymmeric matrix of
odd order. Then the roots of Eq. (35) can be expressed as
b1;2 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2b
p
; b3 ¼ 0: ð36Þ
( )tσ
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−− −− −
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Poling direction
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Fig. 1. A central interfacial crack in a layered rectangular piezoelectric plate.
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imaginary or real, which depends on whether b = tr[E2]/4 is greater
than zero. The three eigenpairs have the structure
ðe;w1Þ; ðe; w1Þ; ð0;w4Þ; e ¼ 12p ln 1b1þb for b < 0
ðij;w1Þ; ðij;w2Þ; ð0;w4Þ; j ¼ 12pi ln 1b1þb for b > 0
(
: ð37Þ
According to (Shen and Kuang, 1998), the relations given in
Eq. (31) between the DIFs K ¼ ½K2 K1 K4 T and ECODs
d ¼ ½Du1 Du2 D/ T can be rewritten in a matrix form as
d ¼ 4
ﬃﬃ
r
pﬃﬃﬃﬃﬃﬃ
2p
p HKdiag½n1n21K1ðIþ H1HÞ1K: ð38Þ
Here diag[ ] denotes a diagonal matrix,
n1 ¼
rie coshpe1þ2ie ; b < 0
rj cospj1þ2j ; b > 0
(
; n2 ¼
rie coshpe12ie ¼ n1; b < 0
rj cospj12j ; b > 0
(
: ð39Þ
To avoid solving the eigenequation (23), (24), here we introduce the
following expression (Nishioka and Shen, 2001)
Kdiag½laK1 ¼ G1l1 þ G2l2 þ G3l3; ð40Þ
with K = [w1,w2,w4]. The relation (38) can be further rewritten as
d ¼ 4
ﬃﬃ
r
pﬃﬃﬃﬃﬃﬃ
2p
p H½G1n1 þ G2n2 þ G3ðIþ H1HÞ1K: ð41Þ
When b < 0, the oscillatory singularity e is imaginary with
b ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2b
p
. The associated eigenvectors satisfy
ðH e2peHÞw1 ¼ 0; ðH e2peHÞ w1 ¼ 0 ðHHÞw3 ¼ 0;
ð42aÞ
that is,
Ew1 ¼ ibw1; E w1 ¼ ib w1; Ew3 ¼ 0: ð42bÞTable 1
Material constants of piezoelectric ceramics.
Elastic constants (MPa) Piezoelectric constants (C
C11 C22 C66 C12 e21 e22
PZT-5H 126 117 23 84.1 6.5 23.3
PZT-6B 168 163 27.1 60 0.9 7.1
BaTiO3 150 146 44 66 4.35 17.5Considering the properties of K, the following matrix equation sys-
tem of G1, G2 and G3 can be obtained after some algebraic
operations
G1 þ G2 þ G3 ¼ I
ibG1Kþ ibG2K ¼ EK
b2G1K b2G2K ¼ E2K
8><
>: : ð43Þ
Using the method of elimination, we got
G1 ¼  1
2b2
ðE2  ibEÞ; G2 ¼  1
2b2
ðE2 þ ibEÞ ¼ G1;
G3 ¼ 1
b2
ðE2 þ b2IÞ: ð44Þ
Then the relations (41) can be written in a matrix form as (Nishioka
et al., 2003)
K ¼
ﬃﬃﬃﬃﬃ
p
2r
r
½1 Reðn1Þ
1
b2
T3  Imðn1Þ
1
b
T2 þ T1
 1
d; ð45Þ
with T1 ¼ 2HðIþ H1HÞ1, T2 ¼ 2HEðIþ H1HÞ1, T3 ¼ 2HE2ðIþ
H1HÞ1.
When b > 0, the oscillatory singularity j is real and b ¼ 
ﬃﬃﬃﬃﬃﬃ
2b
p
.
In this condition, the associated eigenvectors satisfy
Ew1 ¼ bw1; Ew2 ¼ bw2; Ew3 ¼ 0: ð46Þ
After some algebraic operations with (40) and (46), we obtain the
following relations
G1 þ G2 þ G3 ¼ I
bG1K bG2K ¼ EK
b2G1Kþ b2G2K ¼ E2K
8><
>: : ð47Þ
Solve the equation systems with the method of elimination, we got
G1 ¼ 1
2b2
ðE2 þ bEÞ; G2 ¼ 1
2b2
ðE2  bEÞ;
G3 ¼ 1
b2
ðE2  b2IÞ: ð48Þ
Then the relations between DIFs and ECODs can be expressed as
K ¼
ﬃﬃﬃﬃﬃ
p
2r
r
1
2
ðn1 þ n2Þ  1
 
1
b2
T3 þ ðn1  n2Þ
1
b
T2 þ T1
 1
d: ð49Þ
The dynamic energy release rate is evaluated with the near-tip
ﬁelds as
G ¼ 1
4
KTT1K: ð50Þ2.5. An explicit extrapolation formula for in-plane problems
It should be pointed out that the relations (45) and (49) are the
universal expressions for general anisotropic piezoelectric materi-
als. In practice, the poling axes of TIP materials are not always par-
allel to the Cartesian coordinate axes. Consider an in-plane
coordinate rotation about the x3-axis an angle h/m2) Dielectric constants (C/GVm) Densities (Kg/m3)
e16 11 22 q
17.0 15.04 13 7500
4.6 3.6 3.4 7600
11.4 9.87 11.2 5800
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cos h sin h 0
 sin h cos h 0
0 0 1
2
64
3
75 
m n 0
n n 0
0 0 1
2
64
3
75: ð51Þ
The transformation laws for the contracted material constants Cpq,
ekq and jij referred to the new coordinate system ðx1; x2Þ can be
written in matrix form
C ¼ ~RC ~RT; j ¼ RjRT; e ¼ Re ~RT; ð52Þ
with
~R ¼
m2 n2 0 0 0 2mn
n2 m2 0 0 0 2mn
0 0 1 0 0 0
0 0 0 m n 0
0 0 0 n m 0
mn mn 0 0 0 m2  n2
2
666666664
3
777777775
: ð53Þ
Divide Y into four blocks
Y ¼ Y11 Y14
Y41 Y44
 
; ð54Þ0 1 2 3 4 5
0
1
2
3
 Homogeneous' Result
K 1
*
θ
1
=θ
2
=0o
θ
1
=θ
2
=30o
θ
1
=θ
2
=60o
θ
1
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2
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Fig. 2. Normalized DIFs vs. time for diffewhere Y14 ¼ YT41, Y11 is the 3  3 upper left-hand block and Y44 is
the lower right-hand element. After the coordinate rotation R, the
four blocks become
Y11 ¼ RY11RT; Y14 ¼ RY14; Y44 ¼ Y44: ð55Þ
For any TIP bimaterial systems, in the typical state of the interfacial
crack plane lying perpendicular to the poling axis, H = V + iF takes
the following form
V ¼
v11 0 0
0 v22 v23
0 v23 v33
2
64
3
75; F ¼
0 f12 f13
f12 0 0
f13 0 0
2
64
3
75: ð56Þ
Without the loss of generality, we can assume the matrix H = V + iF
under an in-plane coordinate rotation R takes the general form
V ¼
v11 v12 v13
v12 v22 v23
v13 v23 v33
2
64
3
75; F ¼
0 f12 f13
f12 0 f23
f13 f23 0
2
64
3
75: ð57Þ
We obtain the explicit expression of the matrices T1, T2 and T3 with
the help of Mathematica software:0 1 2 3 4 5
-0.4
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0.0
0.2
 Homogeneous' Result
K 2
*
θ
1
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2
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1
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2
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θ
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2
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θ
1
=θ
2
=90o
PZT-5H/PZT-5H  λ=0
T*
(b) 
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sult
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rent h1( = h2) (PZT-5H/PZT-5H, k = 0).
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Fig. 3. Normalized DIFs vs. time for different h1( = h2) (PZT-5H/PZT-5H, k = 1).
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d1 þ d2
d1
F; T3 ¼ d1 þ d2
d21
D;
D ¼
d3 d4 d5
d4 d6 d7
d5 d7 d8
2
64
3
75; ð58Þ
with
c1 ¼ v223  v22v33; c2 ¼ v12v33  v13v23; c3 ¼ v13v22  v12v23
c4 ¼ v11v33  v213; c5 ¼ v11v23  v12v13; c6 ¼ v13v23  v11v13
c7 ¼ v212  v11v22; d1 ¼ v11c1 þ v12c2 þ v13c3
d2 ¼ f12ðf12v33 þ f13v23Þ þ f13ðf13v22 þ f12v23Þ þ 2f 23ðf13v12 þ f12v13Þ þ f 223v11
d3 ¼ f 212c4 þ 2f 12f13c5  f 213c7; d4 ¼ f 212c2  f12f13c3  f12f23c5 þ f13f23c7
d5 ¼ f12f13c2 þ f 213c3  f12f23c4  f13f23c5; d6 ¼ f 212c1 þ 2f 12f23c3  f 223c7
d7 ¼ f12f13c1  f12f23c2  f13f23c3 þ f 223c5; d8 ¼ f 213c1 þ 2f 13f23c2 þ f 223c4
8>>>>>><
>>>>>>:
:
ð59Þ
The result can be easily degenerated to the typical case of the inter-
facial crack plane lying perpendicular to the poling axis, which has
been studied by Nishioka et al. (2003) and Lei and Zhang (2012). It
should be pointed out that they are agreed well but T2 in Eq. (95) (in
Nishioka et al. (2003)) which should be corrected using opposite
sign of each T2 element and so did with the corresponding elementsappeared in Eqs. (99) and (106) in Nishioka et al. (2003). According
to our checkout, the corresponding elements in Eq. (41) (in Lei and
Zhang (2012)) also should be amended by d12 and d13.3. Time-domain BEM formulation for 2D piezoelectricity
The unknown ECODs appeared in the explicit extrapolation for-
mula can be computed by numerical methods such as time-do-
main BEM.
Introduce a 3-D displacement/electric potential vector
u = {u1, u2, /}T, and the traction/surface charge vector p = {t1, t2, -
x}T. To apply the time-domain BIEs for a homogeneous and lin-
ear piezoelectric domain, the bi-material system is split from the
interface into two homogeneous sub-domains X1 and X2. For each
boundary oXi, by using the generalized Betti–Rayleigh reciprocity
theorem and taking the limit process x? oXi, the displacement
vector u and the traction vector p are related by the following
time-domain displacement BIEs
cIJðxÞuJðx; tÞ ¼
Z
@X
ðuGIJ ðx; y; tÞ  pJðy; tÞ  pGIJ ðx; y; tÞ
 uJðy; tÞÞdC; x 2 @Xi; ð60Þ
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2). x and y represent the source and the observation points. cIJ(x) is
a constant matrix which depends on the smoothness of the bound-
ary and reduces to 0.5 dIJ for a smooth boundary. An asterisk ⁄ de-
notes Riemann convolution. uGIJ , and p
G
IJ are the 2D time-domain
dynamic piezoelectric displacement and traction fundamental solu-
tions. They are related by
pGIJðx; y; tÞ ¼ CrIKlnrðyÞuGJK;lðx; y; tÞ; ð61Þ
here CiJKl is the extended elasticity tensor
CiJKl ¼
Cijkl; J;K ¼ 1;2
ejil; J ¼ 1;2; K ¼ 3
ekli; J ¼ 3; K ¼ 1;2
jil; J ¼ K ¼ 3
8>><
>>:
: ð62Þ
These time-domain fundamental solutions for homogeneous and
linear piezoelectric solids have been derived by Wang and Zhang
(2005).
Due to the application of the quadrature formula of Lubich
(1988a,b) for approximating the convolution integrals in the time-
domain BIEs (60), the present analysis requires only the Laplace-do-
main dynamic fundamental solutions. Using the Radon transform
technique, the 2D Laplace-domain displacement fundamental solu-
tions can be expressed as an integral over a unit circle by0 1 2 3 4 5
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1
8p2
Z
jnj¼1
X2
m¼1
PmIJ
qc2m
Wðsjn  ðx yÞj=cmÞdn; ð63Þ
where s is the Laplace-transform parameter, n = (n1, n2) is wave
propagation vector, cm is the phase velocities of elastic wave,
W(z) = [ezEi(z) + ezEi(z)] with Ei(z) the exponential integral. PmIJ
is the projection operator deﬁned as
PmIJ ¼
EðmÞij E
ðmÞ
kk
h i1
; I; J ¼ 1;2
 EðmÞiq Cq3
h i
 ½C33EðmÞkk 1; I ¼ 1;2; J ¼ 3
C3pE
ðmÞ
pq Cq3
h i
 C233EðmÞkk
h i1
; I ¼ J ¼ 3
8>>><
>>>:
ðno sum over mÞ:
ð64Þ
Integrating Eq. (63) by parts, the displacement fundamental solu-
tion can be divided into a singular static part plus a regular dynamic
part as
uGIJ ðx; y; sÞ ¼ uGðRÞIJ ðx; y; sÞ þ uGðSÞIJ ðx; yÞ; ð65Þ
where the regular dynamic part is given by
uGðRÞIJ ðx; y; sÞ ¼
1
8p2
Z
jnj¼1
X2
M¼1
PmIJ
qc2m
WRðs=cm; jn  ðx yÞjÞdn; ð66Þ0 1 2 3 4 5
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Fig. 5. Normalized DIFs of the right crack-tip vs. time for different h2 (PZT-5H/PZT-5H).
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while the singular static part has the following explicit form
uGðSÞIJ ðx; yÞ ¼ 
1
p
Re
X3
M¼1
AJMQMI lnðzM  z0MÞ  lnðiþ lMÞ
	 
( )
; ð68Þ
where
zM ¼ x1 þ lMx2; z0M ¼ n1 þ lMn2; M ¼ 1;2;3; ð69Þ
are the complex counterpart of the source and the observation
points, and Q ¼ A1ðY1 þ Y1Þ1. The high-order traction funda-
mental solutions pGIJ can also be decomposed into regular dynamic
and singular static parts.
4. Numerical solution procedure
To solve the time-domain displacement BIEs (60), the quadra-
ture formula of Lubich (1988a,b) is applied for the temporal dis-
cretization to approximate the Riemann convolution integrals in
the time-domain BIEs, while a collocation method is used for the
spatial discretization by using quadratic elements.
In the convolution quadrature formula of Lubich (1988a,b), the
Riemann convolution integral is approximated byf ðtÞ ¼ gðtÞ  hðtÞ ¼
Z t
0
gðt  sÞhðsÞds ﬃ
Xn
j¼0
xnjðDtÞhðjDtÞ; ð70Þ
where the time t is divided into N equal time-steps Dt, and the
weights xnj(Dt) are determined by
xnjðDtÞ ¼ r
ðnjÞ
N
XN1
m¼0
g^ dðfmÞ=Dt½ e2piðnjÞm=N ; ð71Þ
in which g^ðÞ stands for the Laplace-transform of the function g(t),
and
dðfmÞ ¼
X2
j¼1
ð1 fmÞj=j; fm ¼ re2pim=N; r ¼ e1=2N; ð72Þ
with e being the numerical error in computing the Laplace-trans-
form g^ðÞ. More details on the convolution quadrature formula can
be found in the original works of Lubich (1988a,b).
For the spatial discretization of the boundary oXi of each homo-
geneous sub-domain Xi, standard continuous quadratic elements
are applied to the external boundary CiE, the interface C12 and
the crack-face CC except crack-tips, where quadratic quarter-point
elements are adopted.
By using the causality and the time-translation properties of the
time-domain fundamental solutions as well as the zero-initial con-
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Fig. 6. Normalized DIFs vs. time for different h2 (PZT-5H/PZT-6B).
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unknown boundary quantities on the left-hand side, Eq. (60) can
be rearranged and a explicit time-stepping scheme
xnk ¼ ðA0klÞ1  ynl 
Xn1
j¼1
Anjkl  xjl
 !
; ð73Þ
can be obtained for computing the unknown boundary quantities at
the n-th time-step. Here Anjkl is the rearranged system matrix, x
j
l is
the unknown boundary data, and yjk is the vector containing the
prescribed boundary quantities.
5. Numerical results and discussions
In this section, all examples are performed for a central interfa-
cial crack between two bonded dissimilar piezoelectric rectangular
plates under impact loading, see Fig. 1. The geometric parameters
are ﬁxed as 2a = 4.8 mm, w = h = 20 mm. Refer to a Cartesian coor-
dinate system (x1, x2) with the x1-axis along the interface and the
x2-axis normal to the crack line. h1 and h2 are the angles between
the x2-axis and the poling directions of the piezoelectric material
I and II, respectively. The plane-strain condition is assumed and a
combined load consisting of mechanical and electrical impacts on
the upper and down sides is taken as uniformly distributed impactloading of the form r22 = r0H(t) and D2 = D0H(t), where r0 and D0
are the loading amplitudes and H(t) is the Heaviside step function.
Numerical results are presented as normalized DIFs and DERR vs.
dimensionless time. The intensity factors Ki(t) are determined by
Eq. (45), (49) and normalized by K0 ¼ r0
ﬃﬃﬃﬃﬃﬃ
pa
p
K1ðtÞ ¼ K1ðtÞ=K0; K2ðtÞ ¼ K2ðtÞ=K0;
K4ðtÞ ¼ ðe22=j22Þ  K4ðtÞ=K0: ð74Þ
The dimensionless time is deﬁned by T⁄ = cLt/h, where cL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C22=q
p
is the velocity of the quasi-longitudinal wave. To measure the inten-
sity of the electrical impact, the following loading parameter k is
introduced
k ¼ ðe22=j22Þ  ðD0=r0Þ: ð75Þ
It should be pointed out that the factor e22/j22 used in (74) and (75)
are the parameters of material I when h1 = 0 to avoid the factor var-
iation with the in-plane rotation h1– 0.
In our computation, each subdomain is discretized into 39 ele-
ments, where 19 elements are used for the external boundary and
24 elements for the bimaterial interface including eight for the
crackface. A timestep of Ät = 5hcLZ is chosen
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Fig. 7. Normalized DIFs vs. time for different k-values (PZT-5H/PZT-6B).
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5H, PZT-6B and BaTiO3 are used in the examples and their material
constants are given in Table 1.
5.1. PZT-5H/PZT-5H combination
To verify the accuracy of the present time-domain BEM pro-
gram and the exploration formulas for DIFs, we ﬁrst consider the
special material combination PZT-5H/PZT-5H in case of h1 = h2,
which is theoretically equivalent to a central crack in a homoge-
neous PZT-5H plate. So the method for a cracked homogeneous
piezoelectric material presented by García-Sánchez et al. (2008)
can be directly applied to this problem.
Figs. 2 and 3 show the inﬂuence of different orientations of the
material poling direction (h1 = h2 = 0, 30, 60, 90) on the crack-tip
ﬁelds. The normalized DIFs Ki ðtÞ (i = 1, 2, 4) vs. the dimensionless
time T⁄ for k = 0 and k = 1 are presented in Fig. 2(a–c) and Fig. 3(a–
c), respectively. The corresponding results for a center crack in the
homogeneous PZT-5H rectangular plate by the timedomain BEM
(the BEM Fortran code provided by García-Sánchez) are also pre-
sented for the comparison purpose. A comparison of both numerical
results shows a very good agreement, which partially veriﬁes the cor-
rectness and the accuracy of the present time-domain BEM and theexplicit extrapolation formula for the interfacial crack in bi-material
systems. Only the results of the right crack-tip are presented here be-
cause of the exactly identity of the values of DIFs at both crack-tips.
The DIFs show a signiﬁcant dependence on the angle h1(=h2).
It should be pointed out that, the case k = 1 has been studied by
Wünsche et al. (2010). We can ﬁnd that the changing trends of K1
and K2 in Fig. 3a,b are very similar to their results (as shown in
Fig. 7, Wünsche et al., 2010), but a big difference appears about
K4 results. According to our results, the electrical intensity factor
K4 will vanish when k = 0 (see Fig. 2c) and not vanish when k– 0
(see Fig. 3c) in the case of h1 = h2 = 90, as a result of the quasi-elec-
trostatic assumption of the electrical ﬁeld. As mentioned above,
this difference may be caused by the factor e22/j22 used to normal-
ize K4 which is varying with the in-plane rotation h1 = h2 and e22/
j22 = 0 for h1 = h2 = 90.
Next, consider an in-plane coordinate rotation of material II
about the x3-axis an angle h2 and ﬁx the poling direction of mate-
rial I h1 = 0. After the in-plane rotation, the values of the left crack-
tip and the right crack-tip are not identical any more. Fig. 4 gives
the changing trends of DIFs for different h2 values (h2 = 0, 30,
60, and 90) of the left crack tip and Fig. 5 for the right crack
tip. The changing trends of DIFs show a signiﬁcant dependence
on the angle h2. Although there are some differences between
0 1 2 3 4 5 6
-2
-1
0
1
2
3
4
K 1
*
λ=-1.0
λ=-0.5
λ= 0.0
λ= 0.5
λ= 1.0
PZT-5H/BaTiO3  θ
1
=θ
2
=0ο
T*
(a)
0 1 2 3 4 5 6
-1.0
-0.5
0.0
0.5
1.0
1.5
PZT-5H/BaTiO3  θ
1
=θ
2
=0ο
K 2
*
λ=-1.0
λ=-0.5
λ= 0.0
λ= 0.5
λ= 1.0
T*
(b) 
0 1 2 3 4 5 6
-1.5
-1.0
-0.5
0.0
0.5
1.0
1.5
PZT-5H/BaTiO3  θ
1
=θ
2
=0ο
λ= 1.0
λ= 0.5
λ= 0.0
λ=-0.5
λ=-1.0
K 4
*
T*
(c) 
Fig. 8. Normalized DIFs vs. time for different k-values (PZT-5H/BaTiO3).
1492 J. Lei et al. / International Journal of Solids and Structures 50 (2013) 1482–1493two crack-tips, the bigger h2 produces a higher extremum for all
dynamic intensity factors. For the clarity of the paper, hereinafter,
we just present the results of the right crack tip.
5.2. PZT-5H/PZT-6B combination
Another classical pair combination PZT-5H/PZT-6B is consid-
ered. The pair combination PZT-5H/PZT-6B belongs to e-class bi-
materials with e 
 0.02175 and b 
 0.0023273 < 0 when
h1 = h2 = 0 (Ou, 2003). The interesting thing is the combination
will change from the e-class bi-material to j-class bi-material with
the varying h2, for example, j 
 0.027576 and b 
 0.00377 > 0
when h2 = 60. It can be observed from Fig. 6 that the signs of K2
and K4 change followed by the combination type from e-class to
j-class.
The effect of the loading condition will be considered by chang-
ing the value of loading parameter k. Numerical results for the nor-
malized DIFs Ki ðtÞ vs. time T⁄ for different loading parameter k
values are presented in Fig. 7. Numerical results show that the peak
values of DIFs Ki ðtÞ decrease with increasing of the electrical load.
This means that a negative electrical impact load will strongly pro-
mote the crack extension; on the contrary, a positive electrical im-
pact load will strongly impede the crack extension. The peak value
also depends on the magnitude of the electrical load. So the crackgrowth may be retarded either by changing the direction or by
adjusting the magnitude of electrical impact.
It can also be observed that, when applying an electrical impact,
Ki ðt ¼ 0Þ–0 and the initial values are proportional to the magnitude
of electrical impact, which is induced by the quasi-electrostatic
assumption on the electrical ﬁeld. In contrast, the elastic waves in-
duced by the mechanical impact need take some time to reach and
excite the crack, as observed Ki ðt ¼ 0Þ ¼ 0 for k = 0. The mode-IV
K4 is only weakly ﬂuctuating with the time as a result of the qua-
si-electrostatic assumption of the electrical ﬁeld. However, it also
shows a stronger dependence on the load parameter value k.
5.3. PZT-5H/BaTiO3 combination
Additionally, another classical pair combination PZT-5H/BaTiO3
are considered. The pair combination PZT-5H/BaTiO3 belongs to j-
class bimaterials with j 
 0.02778 and b 
 0.0038275 > 0 (Ou,
2003). Numerical results for the normalized DIFs vs. time for differ-
ent loading parameter k values are presented in Fig. 8. The chang-
ing trends of stress and electric displacement intensity factors are
similar to previous results in Fig. 7 for an interfacial crack in PZT-
5H/PZT-6B.
It should be noted that the effect of loading parameter has been
studied in our former paper (as shown in Figs. 6–8, Figs. 10–12, Lei
J. Lei et al. / International Journal of Solids and Structures 50 (2013) 1482–1493 1493and Zhang, 2012). As mentioned above, T2 should be corrected by T2
according to our checkout, and the corresponding elements in Eq. (41)
(Lei and Zhang, 2012) are amended by d12 and d13. So there are
some differences between the present results and the previous.
6. Conclusions
In this paper, a universal displacement extrapolation formula of
matrix form and explicit form are derived to determine the DIFs of
interfacial cracks in piezoelectric materials, which is very feasible
for numerical methods. A time-domain BEM together with the
sub-domain technique is applied to study the transient response
of interfacial cracks in piezoelectric materials under electro-
mechanical impacts. The impermeable electrical crack-face condi-
tion is assumed. Three classical pair combinations PZT-5H/PZT-5H,
PZT-5H/PZT-6B and PZT-5H/BaTiO3 under different in-plane rota-
tions are considered. From our numerical results, several conclu-
sions can be drawn as follows:
(1) For PZT-5H/PZT-5H, the comparison of the homogeneous
cases of different poling directions h1 = h2 with the results
of García-Sánchez et al. and Wünsche et al. veriﬁed the cor-
rectness and accuracy of the present BEM and the explicit
extrapolation formula. The results of changing h2 with ﬁxed
h1 = 0 show that bigger h2 produces a higher extremum for
DIFs.
(2) For PZT-5H/PZT-6B, the effect of the loading condition was
considered. According to our results, a negative electrical
impact load will strongly promote the crack extension. The
peak value also depends on the magnitude of the electrical
load. The changing h2 leads the class of the combination
from the e-class bi-material to j-class bi-material. The signs
of K2 and K

4 change followed by the combination type from
e-class to j-class.
(3) For PZT-5H/BaTiO3, similar effect of the loading condition
as PZT-5H/PZT-6B is observed from our numerical results.
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